Despite the sheer size of the private equity market, it has not received much academic attention till very recently, at least in terms of the relative performances of private and public equity markets. One of the main topics of interest is the apparent anomaly referred to as the "private equity premium puzzle" (Moskowitz and Vissing-Jorgensen, 2002) in the risk-return tradeo¤ in private equity. In particular, one would like question, "What drives the entrepreneurs to assume so much risk in relatively undiversi…ed and extremely concentrated portfolios with very little commensurate return?" Economic theory tells us that entrepreneurs assume the risk associated in a project hoping to get the excess return, and most often they have high risk tolerance. While this can explain why entrepreneurs would start up companies or projects but it cannot explain why ex-post they will continue, given that a diversi…ed portfolio of publicly traded assets will give them as much return with lower risk. The purpose of this paper is to re-evaluate the relative performances of private and public equity, and try to explain why some high net-worth individuals might be attracted to private equity.
Introduction and Motivation
Financial theory suggests that investors in publicly traded securities would assume more risk if they are compensated with more returns. Naturally, then one has to presume that entrepreneurs also assume more risk in venturing into privately held companies motivated by the premium commanded by these inherently riskier assets. While there is substantial evidence for the conventional wisdom of risk-return tradeo¤ in publicly traded assets (Fama, 1970; Fama and French, 1992) , recent literature on returns and performance of private equity suggests that these assets, although riskier than their publicly traded counterpart, do not have su¢ cient return to justify the excess risk (Moskowitz and Vissing-Jorgensen, 2002; Kaplan and Schoar 2003) .
Despite the sheer size of the private equity market (the market value of total private equity ranges from $3.7 trillion in 1989 to $5.7 trillion in 1998; the corresponding …gures for public equity are $1.6 trillion and $7.3 trillion, see Moskowitz and Vissing-Jorgensen, 2002 ), it has not received much academic attention till very recently, at least in terms of the relative performances of private and public equity markets. One of the main topics of interest is the apparent anomaly (referred to as the "private equity premium puzzle"
by Moskowitz and Vissing-Jorgensen, 2002) in the risk-return tradeo¤ in private equity.
In particular, one would like to answer the question, "What drives the entrepreneurs to assume so much risk in relatively undiversi…ed and extremely concentrated portfolios with very little commensurate return?" Economic theory tells us that entrepreneurs assume the risk associated in a project hoping to get the excess return, and most often they have high risk tolerance. While this can explain why entrepreneurs would start up companies or projects but it cannot explain why ex-post they will continue, given that a diversi…ed portfolio of publicly traded assets will give them as much return with lower risk. One possible answer that has been suggested is a large degree of non-pecuniary bene…ts of being self-employed and an expectation of large pecuniary bene…ts (Hamilton 2000) .
One of the main issues in this line of research has been the dearth of reliable data on returns and actual investment in private equity. Added to that, the enormous volatility and very high failure rates (almost 34% new businesses fail in the …rst 10 years of life) make it extremely di¢ cult to get a good estimate of central measures like the mean return to investment. Besides the di¢ culty of calculation, there is always a tendency of an upward bias of the measure owing mainly to survivorship bias and misperception of the risk involved by entrepreneurs. Also, as we see in the literature, standard risk-return analysis might not satisfactorily explain what motivates the entrepreneurs. One of the factors that have been proposed as an explanation lies in the higher moments of the return distribution (like right skewness and fatter tails; see for example, Harvey and Siddique 2000) . A¢ nity for right or positive skewness implies that an entrepreneur might be willing to accept lower average returns if there is a positive probability of getting a very high return. However, in our literature survey, no formal test have been done to verify whether the return distribution of private equity is more or less skewed or have fatter tails than the return to publicly traded equity.
Measuring Risk in Return
One of the common measures that is used for risk adjusted average return is the Sharpe ratio ( = ), and performance tests based on this have been proposed (Jobson and Korkie, 1981; Memmel, 2003) . To test whether there is signi…cant di¤erence between the performances of public and private equity the following hypothesis can be tested,
where the subscripts '1' and '2' refers to these two types of equity. There are many equivalent forms of the null hypothesis, such as, H 0 :
etc. And if we follow the standard approach, each form of the same hypothesis will give di¤erent results. One aim of this proposal would be to derive a test procedure for comparing Sharpe ratios from private and public equity, that would be invariant to all forms of the hypothesis. Our second objective is to identify the sources for the departure between the two return distributions. We can even select the exact number of moments we want to look at based depending on the data at hand. The major part of the paper would be to device a statistical test that can compare the shapes of two return distribution and identify the exact order of moments […rst (average), second (volatility), third (skewness), fourth (kurtosis or peakness)
or even higher moments] where they might di¤er. Once that is achieved we will move forward to explain the plausible reasons for the departure using traditional and modern theories of …nance.
Smooth Test for Comparing Distributions
For performing this test of comparison of distributions of we use the two sample version of smooth test procedure as proposed in Bera, Ghosh and Xiao (2007). Neyman's smooth test for H 0 : F = F 0 . was for the one sample case with completely speci…ed distribution under null hypothesis H 0 : f (x) is the true PDF (for review see Bera and Ghosh, 2001 ). This is equivalent to testing
the following smooth alternative to the uniform density:
If we take the problem of testing H 0 : F = G: We need to modify the original smooth test since both F and G are unknown. If F (:) were known, we can construct a new random variable Z j = F (Y j ) ; j = 1; 2; :::; m:
The CDF of Z is given by
where
The PDF of Z is given by
The main problem of comparing two distributions is to …nd a suitable measure of distance or norm between two distribution functions, i.e. to say, for any x 2 ( 1; 1),
If a density function exists over the support of F and G; then for any t 2 (0; 1) this problem to be equivalent to the distance
Under H 0 : G = F; G F 1 (t) = t: In fact, the h (z) in (2) is the corresponding PDF for the distribution function G F 1 de…ned over (0; 1) : The PDF h (z) is a ratio of two densities; and itself is a valid density function. Therefore, we will call it the Ratio Density Function (RDF) (Bera, Ghosh and Xiao, 2005) .
f (Q(x)) = 1; 0 < z < 1. Z has the Uniform density in (0; 1) :That means irrespective of what F and G are, the two-sample testing problems can be converted into testing only one kind of hypothesis; namely, uniformity of a transformed random variable. 
The test has k components. Each component provides information regarding speci…c
However, in practice F (:) is unknown. We use the Empirical Distribution Function (EDF),
The following two theorems [for proof and details see Bera, Ghosh and Xiao (2004) ] provide some restrictions on relative sample sizes for consistent asymptotic 2 distribution of the test statistic, and also to minimize size distortion of the two sample smooth test of comparing two distributions.
Theorem 2 If
m log log n n ! 0 as m; n ! 1 then^ 2
Proof. See Bera, Ghosh, Xiao (2007) Theorem 3 The optimal relative magnitude of m and n for minimum size distortion is
Proof. See Bera, Ghosh, Xiao (2007) 4 Data and Analysis
As we have seen earlier, there is a scarcity of reliable data on private equity investment and returns, the problem is further exacerbated by survivorship bias present in most private equity data. We collect and re…ne the data on returns and investment in private equity available from several sources including SDC-Platinum, National Venture Capital Association (NVCA)* VentureExpert database by Thomson Financial, and publicly traded equity returns from CRSP and accounting data from COMPUSTAT databases. We compared the average returns and risk, and measures like the Sharpe ratio of performance between the di¤erent types of assets. However, in order to get a fuller picture, we want to construct the distribution of returns of private and publicly traded assets. Hence, we can perform a joint test to see if there are signi…cant di¤erences in moments like location (average return), scale or volatility (risk measures) and higher-order moments like skewness and kurtosis. The summary statistics are reported in Tables 1 In order for us to realistically compare the private equity returns distribution with public equity, we have taken the average return of several rounds for each private equity …rm, however, although it reduces slightly but this does not solve the problem with survivorship present in the data. We have also excluded a few returns that are substantially more than 100% in both the private and public equity …rms, similarly we have trimmed out few losses that are close to 100% in the Figure 3 that reduces our sample of public equity returns to n = 1817 and m = 353; respectively. We perform a smooth test (see Bera and Ghosh, 2001 for an introduction to smooth tests) on the two returns distributions. We note that the sample size for publicly traded stocks is much larger than the one on privately traded ones. This di¤erential nature of sample size can be exploited by te two sample version of the smooth test (Bera, Ghosh and Xiao, 2007) . From the full sample version, it is evident that the overall test H 0 : F = G of equality of two distributions is overwhelmingly rejected (^ 2 4 = 230:45) which under the null hypothesis has a central 2 distribution with 6 degrees of freedom, so chosen so as to focus on the higher order moments of the distribution of private equity returns. Further, under the null hypothesis each of the components should follow independent central 2 1 :
The overall two-sample smooth goodness of …t test shows that one or more of the constituent elements must contribute to the directions of departure the hypothesized distribution. As expected the estimated componentû 2 1 andû 2 2 are both strongly statistically signi…cant, hence we can conclude that the private and public equity distributions are different both in the directions of the …rst and second moments of the distribution of the probability integral transform (or the imputed ranks), and hence there is departure both in the general direction of location and scale. Furthermore, we can also conclude that the private equity distribution is also di¤erent from teh public equity returns in the directions of higher order moments, namely the skewness and kurtosis terms (u 2 3 = 17:08 and u 2 4 = 27:12; both are signi…cant at 1% level). This implies that when testing jointly, the public and private equity returns di¤ers in the …rst four moments directions. However, aŝ u 2 5 andû 2 6 are both insigni…cant at 5% level with pvalues of 0.38 and 0.49, there is no reason to believe that any other higher order term is di¤erent between the two distributions. Tests based on Sharpe ratio might not reveal these details although it will be a convenient test procedure, if available.
Having done the analysis, as we have seen in Bera, Ghosh and Xiao (2007) to reduce …nite sample size distortion common in Score (or LM) type tests that the smaller sample size(m) should go to in…nity at a much slower pace than the bigger sample size(n) as discussed in the pervious Section. Hence we select about a 10% subsample (as per recommendation by the criteria function anlsysis in the Appendix) and perform the smooth test again with n 1 instead of the original n: The results are qualitatively similar, although the third and fourth order terms are now marginally insigni…cant at 5% level (û 2 3 = 1:7 and u 2 4 = 3:4; with pvalues of 0.19 and 0.06 respectively). As before there is no evidence that the returns are di¤erent in the directions of higher order moments.
Summary and Ongoing work
Our …ndings help us explain how the return distributions are indeed di¤erent between teh two groups. With this evidence in the data we can suggest what motivates an entrepreneur or a general partner in a private equity …rm or a venture capitalist or owner of private equity to hold assets with higher risk is not just a possility of higher returns but something related to a higher order moment in the return distribution. More analysis needs to be done to identify such a quantity, and if that stands scrutiny of a risk-return tradeo¤ or the peculiarities of the di¤erent types of private equity investment instruments.
6 Appendix A (Sample Size Selection Bera, Ghosh and Xiao,
2005)
For …nite sample, for each …xed n 2 , we may divide the index set N = f1; : : : ; ng into two mutually exclusive and exhaustive (large) sets N 1 and N 2 with cardinalities n 1 and n 2 ;
where n 1 + n 2 = n; and de…ne the training set Z 1 = f(X j ); j 2 N 1 g and the testing set Z 2 = f(X j ); j 2 N 2 g:
Then we can estimate F ( ) using data Z 1 and construct F n 1 (X i ) = 1 n 1 X j2N 1 I (X j X i ) , for i 2 N 2 :
Z 1 and Z 2 are from the same distribution F , F (X i ) (i 2 N 2 ) are uniformly distributed and F n 1 (X i ) provides an estimator for the uniform distribution, we may compare it with the CDF of standard uniform, say, using some criterion function For each value of n 2 , we can calculate the above criterion function. We may choose n 2 that minimizes the above criterion.
Finally, we choose m = n 2 n 1 n:
The above method may have applications in more general settings. This is a crossvalidation type procedure to select sample size. In the above problem the criterion function is showed in Figure 6 , 
